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Experimental Results Using Active Control
of Traveling Wave Power Flow

David W. Miller and Steven R. Hall
Massachusetts Institute of Technology, Cambridge, Massachusetts 02139

This paper describes a series of active structural control experiments on a 24-ft pinned-free beam. The
feedback compensators are derived using a traveling wave approach. A compensator is derived that absorbs all
impinging power and therefore eliminates resonant behavior. Since this compensator is noncausal, however, a
causal solution is derived using a Wiener-Hopf technique. This solution mimics the noncausal compensator in
a select frequency range. The Wiener-Hopf compensator was implemented and tested experimentally, as was a
simple rate feedback compensator. The performance of the optimal Wiener-Hopf compensator, as measured by

the damping of the structure, far exceeds that obtainable using rate feedback.

Introduction

ANY envisioned large space structures are composed of

structural elements that may be modeled as one-dimen-
sional waveguides. Truss beams, solar panels, and antenna
booms are examples of long, slender, one-dimensional mem-
bers. These members exhibit wave behavior with significant
propagation delays as disturbances propagate across their
length. This suggests the use of a wave description to model
the dynamics of such structures.!”

Several researchers have approached the problem of design-
ing wave model based controllers for elastic structures.** One
approach is to absorb as much of the wave traveling toward
the actuator as possible. Another approach is to shunt the
energy away from sensitive locations to areas where it can be
dissipated. In either case, only the local reflection and trans-
mission behavior around the sensor/actuator pair needs to be
modeled.

Local models are more appropriate than global models for
certain applications. For complex structures, modal models
can become numerically cumbersome and inaccurate for
higher frequency modes. A local wave model can accurately
capture the ‘‘dereverberated’’ impedance in the neighborhood
of the controller even though global characteristics, such as
resonant frequencies and mode shapes, are not modeled.
“Dereverberated”’ refers to the impedance that would be re-
vealed if the energy departing the junction never returned. The

reverberant (returning) field determines the resonant charac-
teristics. Since resonant information is not required to model
the local power flow properties, it is not included in the wave
model. Hagedorn and Schmidt* argued that wave descriptions
are less sensitive and, therefore, more robust than global
models of structures. Therefore, if control objectives are
posed in terms of local behavior, local models may be most
appropriate.

Von Flotow>¢ and von Flotow and Schafer>” first suggested
a framework for the modeling of wave behavior in structures
for control purposes. In this framework (Fig. 1), the structure
is composed of one-dimensional waveguides (structural mem-
bers) interconnected at junctions (boundaries). The wave-
guides carry waves that travel both toward the junction (in-
coming waves) and away from the junction (outgoing waves).
Each junction may also have sensors and actuators for use in
controlling the structure. For example, a junction may be a
single member end condition, an intersection of several mem-
bers, or an arbitrary location on a uniform member where
control hardware is located. The basic objective of wave con-
trol is to actively alter the wave scattering properties of a
junction. Junction control has obvious application where vi-
bration suppression and dynamic isolation are required.

Much of the work in this field deals with specific examples
of waveguides and lacks general applicability. For example,
some methods cannot handle evanescent behavior, the spa-
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Fig. 1 Generic wave junction.

tially exponential deformation patterns that are localized
about structural discontinuities and forcing locations (i.e., the
hyperbolic terms in standing mode shapes). Often, feedback
compensator formulations lack the required causality and sta-
bility constraints. As a result, there is an apparent need for a
model-based, broadband control formulation for generic
junctions that minimizes a realistic performance metric, such
as net power flow through the junction. This model-based
description of power flow should incorporate explicit contri-
butions from both propagating and evanescent behavior. This
complete description of power flow can provide an important
means for determining closed-loop stability. Finally, the for-
mulation should provide a constraint that the derived feed-
back compensator be causal and, therefore, implementable.

Miller and von Flotow! have pursued an approach based on
explicit frequency domain descriptions of power flow due to
both propagating and evanescent waves. Minimization of
junction power flow corresponds to matching the junction’s
impedance as closely as possible given the available control
degrees of freedom. Achievable performance increases as
more distinct actuators and sensors are used at the junction. If
the impedance is matched, modes that depend entirely on
energy traversing the controlled junction will cease to exist.
Originally, this power flow description, and associated mem-
ber and junction dynamics, was formulated for a generic
junction in order to broaden the description’s applicability to

‘complex junctions. A formulation of control compensators
that minimizes junction power flow was obtained.? However,
this formulation lacked a constraint that the compensator be
causal and, therefore, implementable. This causality con-
straint was incorporated through both a Wiener-Hopf and a
causal fixed-form parameter optimization technique.? Because
only a local model is used, the method of Miller et al.® does
not guarantee closed-loop stability. To insure closed-loop sta-
bility, Miller et al.’ suggested approximating the Wiener-Hopf
solution by a positive real transfer function. Although this
approach is somewhat ad hoc, it has led to satisfactory com-
pensators.

A different approach suggested by MacMartin and Hall!°
formulates the wave control problem in an H,, setting, which
guarantees a positive real (and, therefore, stabilizing) compen-
-sator. Although the causal control compensators are derived
using a Wiener-Hopf technique in this work, MacMartin and
Hall!® showed that they may also be derived using state-space
techniques.

The structural wave control problem is similar to the active
attenuation of acoustics.!5-1° In acoustics, the location of the
initial disturbance (primary) is assumed known. Acoustic
power can be evaluated by either integrating the far-field
power over a closed volume or by evaluating the work per-
formed by the motion of the secondary on the net pressure
field. The optimal secondary control action is then determined
by minimizing this expression for power, which may also
include a control effort term, thereby relating the secondary’s
response to that of the pressure field or primary response.

The purpose of this paper is to experimentally demonstrate
the performance that is theoretically possible using feedback
compensators derived using the techniques described by Miller
et al.’ Experimental demonstration verifies the applicability of
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the techniques while identifying important real world limita-
tions to performance. Compensators for collocated wave con-
trol of a Bernoulli-Euler beam, using a moment actuator at the
pinned end, are derived. The unconstrained optimal compen-
sator is noncausal and, therefore, not implementable. How-
ever, the performance that the noncausal compensator would
provide if it were implementable provides a maximum perfor-
mance limit against which the performances of the imple-
mented compensators are compared. Compensator perfor-
mance is also compared to that obtained using rate feedback.

This paper starts with a summary of local wave dynamics
and power flow, as discussed by Miller and von Flotow.! This
is followed by a review of junction control, discussed by Miller
et al.? Compensators for the control of a pinned end of a
Bernoulli-Euler beam, using a moment actuator, are derived.
This is followed by a description of the experiment setup.
Experimental results using four different compensators are
compared based on narrow and broadband performance rela-
tive to rate feedback and the noncausal compensator. This is
concluded by a brief discussion of the difficulties experienced
in the implementation of these compensators.

Traveling Wave Dynamics

This section reviews the wave dynamic equations for a struc-
tural junction of arbitrary complexity (Fig. 1). The members
are modeled as waveguides along which a finite set of decou-
pled wave modes propagate at each frequency. The member
boundaries are modeled as junctions where the waves are
coupled through frequency dependent reflection and trans-
mission (scattering) coefficients. The frequency domain
derivation of component (member and junction) dynamics
was presented by von Flotow.2 Von Flotow® uses an assem-
blage of member transformation matrices to derive a junction
transformation matrix that relates complex wave mode ampli-
tudes on all attached members to the members’ cross-sectional
quantities. This relation has the form

u Yii Yuo|§iwi] _
([ s o

where w(w) is the vector of wave mode amplitudes. This vector
is partitioned into incoming (w;) and outgoing (w,) waves.
The vector y contains all member motions « and stresses f at
the interface to the junction.

Junction boundary conditions can be transformed into
wave mode coordinates and arranged in a causal, input/out-
put form. Outgoing waves result from the homogeneous scat-
tering of incoming waves and the nonhomogeneous generation
by external excitations

Wo(w) = S(w)wi(w) + Yw)Q(w) @

This description contains only local junction dynamics and
does not contain information about other portions of the
structure.

Junction Power Flow

Traveling waves result in a flow of power through a struc-
ture. Power at an arbitrary member cross section is equal to
the product of the deflection velocities and collocated stresses
of like type (e.g., rotational rate and moment). The steady-
state power flow at a member cross section can be expressed in
terms of the spectral components of the response variables
using the power theorem, a variation of Parseval’s theorem.

Miller and von Flotow! expressed the power flow through a
junction as
wi(w

i )] )

Paug(@)=[Wi(w) ¥ wo() ¥ ] Pj(“))[w @
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Fig. 2 Feed forward of incoming wave mode amplitudes.

where the submatrices of the junction power flow matrix P;

‘are given by
P = [Pii Pio] @
P oi P 00.

P;, P,,, and P;, give the power flow associated with incoming
waves, outgoing waves, and the interaction between incoming
and outgoing waves, respectively. P,; is the Hermitian of P;,.
P, is real for any mix of wave modes since P; is Hermitian.

' Junction Control

The incoming waves can be thought of as a disturbance to a
junction. Conceptually, the disturbance is measured and fed
to the actuators in order to reduce the power associated with
the resulting outgoing waves (Fig. 2). This architecture as-
sumes that measurements of the incoming wave mode ampli-
tudes are available.

It is desirable to use cross-sectional variables (e.g., displace-
ment, rotation, bending stress, etc.) as feedback measure-
ments. In the following control formulation, the junction
deflections and internal stresses will be redistributed in the
cross-sectional state vector such that # contains measurable

cross-sectional quantities, whereas f contains those cross-sec- -

tional quantities that are commanded by the actuators. Since
some combination of cross-sectional states will be commanded
by the actuators, the other combination will be available for
measurement. Equation (1) can be used to express the ampli-
tudes in # in terms of both incoming and outgoing waves. This
results in the feed forward of incoming and the feedback of
outgoing wave mode amplitudes (Fig. 3). Rearrangement of
the block diagram in Fig. 3 yields a structure identical to that
in Fig. 2 (see Fig. 4). This illustrates that cross-sectional vari-
ables can be used as feedback measurements to mimic the feed
forward of incoming wave mode amplitudes.

For control purposes, a combination of power flow and
control effort will be minimized. Qutgoing power is defined as
positively flowing so that power minimization corresponds to
maxiniizing power absorption. Since power flow is expressed
in terms of its frequency components, a frequency domain
formulation is used. Adding a quadratic control effort penalty
R to the power term in Eq. (3) and taking the expected value
of the resulting integral relation gives the cost functional as

{[” (v 07m0)e]

S“ trace [E<ijw”+ RQQ”)] de

= % S ) wtrace [Pj(w)(bww(w) +R (w)QQQ(w)] dw
&)

where the assumed power spectral densities of the wave modes
and control effort are

J=

D=

N =

Pyw(w) = E(wwH), Pgo(w) = E(QQ*) ©)

The power spectral density $,0 can be expressed in terms of
@, (Fig. 4) as

&g = E (QQ#) = E (HKww{! K¥ H") = HK ®,,,, K" HH
(7a)

N
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Fig. 3 Feedback of cross-sectional measurements.
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Fig. 4 Feedback of cross-sectional measurements to mimic the feed
forward of incoming wave mode amplitudes.

where K is defined as
K=Y,;+Y,S - (Tv)

from Fig. 4. H is the transfer function of the elements con-
tained within the dashed area in Fig. 4 and will be referred to
as the feed-forward compensator.

To minimize the cost, consider small perturbations of the
feed-forward compensator

H(w)=H(w) + en(w) 8)

where e is a small parameter and n{(w) is the frequency depen-
dent perturbation. The first variation of the cost is then given
by

aJ = j Re (trace {7 [yH(Py; + P,oS)

+ (W1P,,¥ + R)HK 9K )) do ®

where the real part of the trace is retained. For brevity, ® is
used in place of ®,,,, in Eq. (9) and for the following analysis.
The first variation must be zero at an optimum for all admis-
sible perturbations. At this point, the optimization procedure
can proceed in several directions depending on the perturba-
tions allowed.

Noncausal Solution

Since the optimal noncausal solution is sought, no con-
straint is placed on perturbations to H. Therefore, the optimal
gain matrix H must make Eq. (9) satisfy

aJ=0 )
for any arbitrary perturbation given by 4. This indicates that
7, and, therefore, the feed-forward compensator H, may con-

tain both right and left half complex plane dynamics.
Equation (10) is satisfied if

HK = — (Y#Poo¥ + R) " WHIPyi + PooS1 = F $3)
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Equation (11) gives the compensator (F in Fig. 2) that feeds
the incoming wave mode amplitudes to the control actuators.
The gain matrix G in Fig. 4 that feeds cross-sectional junction
motions to control inputs, and represents the implemented
compensator can be found by solving Eq. (11) for H and
substituting into

G=U+ HY,,,,I//)_.IH o (12)

This procedure minimizes power flow frequency by frequency
and provides no guarantee that the compensator will be causal
or implementable. Therefore, the next two sections discuss
techniques for finding causal solutions.

Causal, Fixed-Form Parameter Optimization

The first step is to select a causal compensator form with a
variable gain

H(s) = a h(s) , 13)

This form is then substituted into Eqs. (5) and the trace is
minimized with respect to the variable gain «. The compensa-
tor G(s) is again found using Eq. (12). The effectiveness of the
compensator depends on the insight of the designer in the
selection of A(s).

Causal Solution Using Wiener-Hopf Techniques )
The following discussion on the Wiener-Hopf (W-H)?! tech-
nique is summarized from Miller et al.” The fundamental
difference between the W-H and noncausal solutions is the
definition of allowable perturbations. In the noncausal solu-
tion, the perturbing matrix n was permitted to be arbitrary. In
the problem at hand, G must be causal. From Eq. (12), the
feed-forward compensator matrix A can be expressed as

H=G{U + Y,¥G)™! (14

Since G and Y, ¥ are causal, H must be also. Furthermore, H
must be stable since an unstable feed-forward compensator
will result in unbounded outgoing wave mode amplitudes and,
therefore, infinite cost.- Hence, H(s) must be analytic in the
right half of the complex plane [i.e., right half plane analytic
(RHPA)]. Thus, the matrix %(s), which perturbs H(s) from its
optimal form, must itself be causal and, therefore, RHPA.
Note, in Eq. (9), that the perturbation shows up as #"(jw).
The analytic continuation of 4 #( jw) in the complex plane is
given by n( — s). For simplicity, we define

1(s) =n(—s) 15

Thus, 47 must be left half plane analytic (LHPA).
The optimal Hgypa, for arbitrary LHPA perturbations in
7, must cause

W A(Poi + PooS) + W7 Poo¥ + R)HruraK12K7  (16)

to. be LHPA. If left half plane singularities do exist in this
expression, then the integral in Eq. (9), when the contour is
closed about the left half plane, will be nonzero for some
RHPA 4 and the stationary cost constraint [Eq. (10)] will not
be satisfied. Therefore, the expression in Eq. (16) must be
equal to some LHPA function, so that :

VAP, + PooS)RKH + (V'Poo¥ + R)HrupaK ®KH = Aryipa

. an

The W-H technique proceeds as follows. It is observed that
Eq. (17) has the form

Hy + Hp HypypaHc = Avppa (18) .
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Solving the RHPA part of this relation for Hrypa gives
" Hiupa = — Hp dupalPTRH upaHn He Yip ) 1 H G Rupa (19)

where PTF(.) denotes the positive time function of its argu-
ment. That is, the argument is split into the sum of two parts:
a LHPA and a RHPA part. The positive time function is the
RHPA portion. The final step involves evaluating G using
Hiupa from Eq. (19) in place of H in Eq. (12). Given that
future information is not available to the controller, a reduc-
tion in performance over the noncausal case is expected.

Experiment Control Formulation

This section derives the various junction controllers used in
the experiments. Noncausal, causal fixed-form, W-H, W-H
positive real approximation, and rate feedback compensators
are applied to the left, pinned end of a dispersive, undamped,
uniform, Bernoulli-Euler beam (Fig. 5). The governing partial
differential equation is

v v

El—+pA o5 =0 (20)
where E, I, p, and A are the modulus of elasticity, area
moment of inertia, volume density of mass, and cross-sec-
tional area, respectively, and »(x, ¢) is the transverse displace-
ment coordinate. In Fig. 5, x = 0 at the pinned end. From the
dispersion relation, the wave number X is expressed in terms of
the complex Laplacé variable s as

k= oA/EINw=co 45 45 @1

Notice that the right side of Eq. (21), k(s), is the analytic
continuation, throughout the complex plane, of the function
on the left side, k(w), which is valid on the imaginary axis.

The motion of the waveguide, as composed of wave modes
supported by the partial differential equation in Eq. (20), is
given by

¥(x; 1) = wyexpl + ikx + iwt] + wexpl £ (— ikx) + iwt]
+ wy.expl — kx + iwt] + weexplkx + iwt}] (22)

The + / — symbol preserves the propagation direction when
w is positive or negative. For brevity, this notation will be
truncated to include only the upper sign. Using Eq. (22), the
junction transformation [Eq. (1)] is

v’ ik k -k —k Wi

~EIy" | | iEIK* —EIK® —IiEIK® EIk® Wee

v [ 1 1 1 1 Wop

EIv” ~Elk* EIk> -~ EIk* EIk? Wre
(23)
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Fig. 5 Experiment setup.
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where wy, is the leftward propagating, incoming wave; w,, the '

leftward emanating evanescent, incoming wave; w,, the right-
ward propagating, outgoing wave; and w,, the rightward ema-
nating evanescent, outgoing wave.

The scattering matrix for a plnned boundary condition is

-1 0
s=[ . _l] 4)

The wave generation matrix and assumed incoming wave
mode spectrum are

1+i [1 -k 1 (-1
2EIk? [1 -ik]’ M = TEnke { 1} @3)

Slcts

T 5—w) (s + w,)?

where ¥, is the wave generation matrix with only moment
actuation (no force). The junction power matrix is

-1 0 00
0 0 0 i
= 3 7
P; = 4wk°EI 0 0o 1 0 7
0 -i 0 0

Noncausal Solution

If only moment actuation is used, cheap control can be
derived (R = 0). The noncausal feedback matrix in terms of
cross-sectional measurements {Egs. (11) and (12)] is

M =~2c,EIN =3[l 01{ v’ } (28a)
— EIv”
where
co = VpA/EI : (28b)

This calls for endpoint rotation feedback and does so through
a frequency dependent compensator, which is similar to a half
differentiator, but shifted 90 deg. The compensator is opti-
mized frequency by frequency and is, therefore, independent
of the incoming wave mode spectrum.

The primary drawback to this solution is that the compensa-
tor is noncausal. Although a half differentiator can be approx-
imated,® a 90-deg phase shifter cannot. Therefore, a causal
solution is required.

Fixed-Form Solution

This solution illustrates the use of a causal fixed-form pa-
rameter optimization technique. The form of the noncausal
compensator in Egs. (28), shifted 90 deg, will be used. Mini-
mizing the cost with respect to a variable gain yields

M =2c,EIN3[1 0] { _ 2“} (29)

Notice that the gain equals that in Egs. (28).

Wiener-Hopf Solution
The feedback, found using Eqgs. (19) and (12), is

7/4 v’
M= —coE1<~/”«/' m)n 01{—151»"'} (30)

Notice that if the compensator in Eq. (30) were altered to
represent the feedback of rotational velocity to external mo-
ment (G/s), the new compensator would not be positive real
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Fig. 6 Magnitude and phase of the various feedback compensator
transfer functions.

at all frequencies. At low frequencies, where the left part of
the term in parentheses dominates, the compensator would be
negative real and lead to the generation of power at the active
junction. This could lead to instability.

Figure 6 compares the transfer functions of the noncausal,
causal fixed-form, and W-H solutions. For the W-H solution,
the corner frequency & was chosen as w, = 6.4 Hz because this
frequency corresponds to a resonant frequency of the struc-
ture, Notice that this selection implies knowledge of the reso-
nant behavior that is not captured in the control design model.
Near this frequency, the W-H solution has half the magnitude
and the same phase as the noncausal solution. The W-H
solution is better than the causal fixed-form solution at mim-
icking the noncausal solution near the frequencies of impor-
tance.

Positive Real Approximation to Wiener-Hopf Solution

A positive real approximation to Eq. (30) is required to
guarantee stability without knowledge of the structure’s reso-
nant behavior. This W-H approximation should mimic the
W-H solution in the frequency range in which Eq. (30) is
positive real (above 2 Hz). Looking at the right term in Eq.
(30), the high frequency s*/4 behavior and gain (8¢, El/5w,%)
are used in the approximation

8c,EI s* Ly ]{ v’ } 3
s +92 50 N - Ene G

The first-order pole in Eq. (31) maintains the phase between
67.5 and 157.5 deg (positive real). The corner frequency of 92
rad/s provides the best match with the W-H phase. The trans-
fer function of Eq. (31) is shown in Fig. 6. This W-H approx-
imation is used in place of the W-H compensator for the
duration of this paper.

M=

Rate Feedback

For comparison purposes, rate feedback is analyzed and
band-limited rate feedback is experimentally implemented.
The gain that maximizes damping in a mode at 10 Hz is used.
The gain, determined by analyzing transfer functions of the
mathematical model, is

M=3s[1 0]{_]’;1’”,} (32)

The magnitude and phase are shown in Fig. 6.

Theoretical Open- and Closed-Loop Transfer Functions
Using the phase closure principle described by Miller and

von Flotow,! a transfer function can be derived between force
and transverse displacement at the opposite, free end of the
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Table 1 Beam properties

Length 7.32m
Width 10.20 cm
Thickness 0.3175 cm
EI 31.1 N m?2
pA 2.85 kg/m

Damping ratio averages 0.30% below 30 Hz
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Fig. 7 Beam transfer function in open loop, using rate feedback and
the noncausal compensator.
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Fig. 83 Beam transfer function in open loop, using the causal, fixed-
form compensator and the noncausal compensator.

beam. The beam properties are given in Table 1. Figure 7
compares the open-loop magnitude characteristics with those
obtained using rate feedback and the noncausal compensator.
For rate feedback, notice that damping is a function of fre-
quency. Below 10 Hz, the gain is lower than optimal. Above
10 Hz, the gain is higher than optimal. The latter leads to
clamping of the pinned end at high frequencies. This transfer
function is provided as a comparison for the performance.of
the wave control compensators. The noncausal compensator
reflects no incoming propagating waves as outgoing propagat-
ing waves. This feature essentially eliminates resonant behav-
ior and the beam behaves as if it were semi-infinite. This
represents the best performance that is theoretically possible.

Figure 8 shows the magnitude characteristics obtained using
the causal fixed-form compensator. The selected form of the
compensator causes the damping to be independent of fre-
quency. Although the damping performance in the neighbor-
hood of 10 Hz is less than that obtainable using rate feedback,
the causal fixed-form compensator absorbs the same fraction
of power at all frequencies. Since the amount of power ab-
sorbed using rate feedback decreases with increasing fre-
quency, the damping provided by the causal fixed-form com-
pensator is more broadband.

.0000001
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Fig. 9 Beam transfer function in open loop, using the W-H approx-
imation and the noncausal compensator.

Table 2 Control hardware properties

Torque actuator

Manufacturer/model PMI U-9
Torque constant 0.0212 N m/A
Armature plus arm inertia 0.000146 Kg m?
Motor diameter 0.1048 m
Motor thickness 0.0345 m
Current source EG&G PA-601
Gain —2.08 A/V
Piezo resistive accelerometer
Manufacturer/model Endevco 2262-25
Excitation voltage 10.00 V
Gain with amplifier 2.86 V/m/s?
Corner frequency 1180 Hz

Damping light
Distance from motor pivot 0.062 m

Figure 9 shows the transfer function obtained using the
W-H approximation. Notice the significant increases in damp-
ing near w=10 Hz. Of the three compensators, the W-H
approximation provides the best narrow-band performance
because it provides a better approximation of the noncausal
compensator near 10 Hz. On the other hand, the damping
performance is lower for the W-H approximation than for the
fixed-form compensator outside the frequency range of inter-
est. In general, as more narrow-band performance is achieved,
broadband performance is sacrificed. Recent results by Mac-
Martin and Hall'® suggest that this trade-off in performance
can be succinctly described in an H,, setting.

Experiment Setup

This section describes the hardware components used in the
experiments. These components are the structure, the control
hardware, the control computer, and the shaker and sensor
used to measure the open- and closed-loop transfer functions.
Finally, the experiment protocol is described. Figure 5 shows
the experiment’s functional elements.

Structural Characteristics :

The controlled structure is a 24-ft brass beam, suspended
from six pairs of wire, with its longitudinal axis horizontal
(Table 1). The suspension wires attach to the beam at one-sev-
enth length intervals with the two beam ends left free for the
attachment of the control and shaker hardware.

Control Hardware Characteristics

The control hardware consists of the control actuator and
the sensor used to obtain the feedback measurement. A PMI
motor with a low inertia, laser etched armature was chosen.
The armature was clamped to the beam with the permanent
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magnet clamped to the laboratory frame. This replicates the
pinned condition used in the model. Although the actuator is
not space realizable, the control formulation is equally valid
for space-realizable actuators. The specifications for the actu-
ator and sensor are listed in Table 2, and a drawing of the
hardware attached to the beam end is shown in Fig. 10.

Control Computer

The control computer is a PACE TR-48 analog computer.
The two types of fractional elements used in the experiment
are a half integrator (1/s'/2) described by von Flotow and
Schafer’ and a quarter integrator (1/s!/4) described by Carlson
and Halijak.2? The circuit approximations exhibited good ac-
curacy from 0.1 to 1000 Hz.

Shaker and Sensor Hardware

Shaker and sensor hardware are attached to the other end of
the beam for acquisition of transfer function data. The shaker
is a pivoting proof-mass actuator? that predominantly exerts
force, and the sensor is a linear accelerometer measuring
transverse beam acceleration. The specifications are given in
Table 3. Therefore, during open- and closed-loop tests, the
left end of the beam is controlled while the transfer function
data is acquired at the right end from shaker input voltage to
the output voltage of the collocated, linear accelerometer.
This data is divided by the frequency squared and appropriate
gain factors to obtain force to displacement transfer functions
"consistent with the analysis.

Experiment Protocol

The open-loop transfer function is measured for a fre-
quency range of 0.5-50 Hz. Then, for each feedback compen-
sator used, the following iterative procedure is followed. First,
a circuit gain, variable between 0 and 1, is increased until the
onset of instability or the arrival at the optimal gain. In the
event of instability, the cause is identified. This consists of
identifying the frequency of the instability and either identify-
ing control hardware with dynamics at that frequency, mea-
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Fig. 10 Top and side views of the control hardware.

Table 3 Shaker and sensor properties

Shaker’s DC servo motor

Manufacturer/model Pittman 7214
Torque constant 0.0357 N m/A
Current source EG&G PA-223
Gain with amplifier ~1.87 A/V

Piezo resistive accelerometer

Manufacturer/model Endevco 2262-25
Gain 0.378 V/m/s?

J. GUIDANCE

suring the loop transfer function in that frequency range to
investigate phase and/or gain margin problems, or simply
speculating as to the origin of the instability. Once eliminated
through filtering or hardware adjustment, the procedure is
repeated, often leading to the identification of another insta-
bility at hopefully higher gain. If the optimal gain is reached,
or an instability cannot be eliminated after a reasonable
amount of effort, the transfer function of the beam is mea-
sured.

Often the instabilities originate from unforeseen causes.
Rather than attempt to model all possible details that could
lead to instability, a more efficient approach is to conduct the
experiment and identify those characteristics that actually do
lead to instability. If the experiment is never conducted, de-
tails that are obscure during open-loop testing might never be
identified until the loop is closed in an operational environ-
ment.

Experimental Results

The feedback compensators and results of five tests are
summarized in this section. The first test consists of obtaining
the transfer function of the beam in open loop. The second
test uses the causal, fixed-form compensator to control the
beam. The third test acquires the same information for the
beam controlled using rate feedback. The fourth test involves
the implementation of the W-H approximation. This compen-
sator exhibits the same characteristics as the W-H compensa-
tor in the frequency range of interest but is positive real and,
therefore, has certain stability guarantees. The fifth test in-
volves implementing the highest stable gain using the W-H
approximation. In the following discussion, the results of
these five tests are compared using measured transfer func-
tions.

Feedback Compensators

Three different compensators are implemented. Since the
feedback measurement is of rotational acceleration, the imple-
mented compensators are good approximations of the analyti-
cal compensators, between 0.5 and 50 Hz, scaled by the fre-
quency squared.

The rate feedback compensator is given by

M(s) 10s 628
=0.31* *
sW’(s) 3 52+ 0.889s + 0.394 5+ 628 33)

The middle portion is a stabilized integrator with a corner
frequency of 0.1 Hz and a damping ratio of 0.7071. This
filters and integrates frequencies below and above 0.1 Hz,
respectively. The right portion contains a first-order filter to
eliminate an instability, at 1180 Hz, caused by the lightly
damped feedback accelerometer.

The causal, fixed-form compensator is given by

M) 10s

0o , 2.58
s’ (s) 52+ 0.889s + 0.394

75 34

Again, the middle term is a stabilized integrator and the right
term is a half integrator implemented using a rational approx-
imation from 0.1 to 1000 Hz. This approximation is realized
by a repeated lattice structure in the feedback path of an

operational amplifier.’
The W-H approximation is given by
M(s) 92 700

— 0.039% . , 3:348
§2'(s) s+92 s+700 s

(3%

The left term is the first-order pole shown in Eq. (31). The
middle term is a low pass filter and the right term is a quarter
integrator realized using a nonrepeated resistor and capacitor
network in the feedback path of an operational amplifier.?
The actual compensators were built to be good approxima-
tions of the ideal compensators in the frequency range of
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Fig. 11 Measured open- and closed-loop transfer functions using a)
the causal, fixed-form compensator; b) rate feedback; c¢) the W-H

approximation at optimal gain; and d) the W-H approximation at 1.55

times optimal gain.

interest (0.1-1000 Hz). These compensators were imple-
mented. Since all instabilities that occurred at levels of gain
lower than optimal were suppressed without altering the com-
pensator characteristics, no consideration was given to closed-
loop behavior in the compensator roll-off frequency range.
This is fortunate since little roll-off could be added without
exhausting phase margin.

Instabilities that did occur at low gain, caused by motor
mount dynamics and observation spillover from a torsion
mode, were suppressed by making minor hardware adjust-
ments. The tests were then repeated at the optimal levels of
damping with no further consideration of roll-off dynamics.
Identification and suppression of the instabilities is discussed
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the causal, fixed-form compensator; b) rate feedback; ¢) the W-H
approximation at optimal gain; and d) the W-H approximation at 1.55
times optimal gain.

in more detail in the Performance Limitations section.

This debugging procedure illustrates the importance of con-
ducting experiments to identify those dynamic characteristics -
that are important to the control design. This process often
involves such a trade-off between modeling effort and techni-
cal return. More consideration of  roll-off characteristics
would be required to insure stability robustness.

Random Excitation Tests

Figures 11 show the measured transfer functions for the five
different tests. Figures 12 show the predicted transfer func-
tions. Open- and closed-loop curves are dotted and solid,
respectively. Notice that the model, based on measured values
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of EI, pA, and length, predicts open-loop poles and zeroes
within 4% of their measured frequencies.

~ Figure 1la compares the open- and closed-loop transfer
functions of the beam using the causal, fixed-form compensa-
tor at the optimal gain. Although this solution exhibits a more
broadband effect than the rate feedback, it is achieved by
sacrificing narrow-band damping performance. Notice that
torsional modes appear in the data above 10 Hz. Figure 12a
compares the equivalent model transfer functions. Although
the experimental data indicates damping performance that is
independent of frequency, the level of damping appears to
exceed that predicted. This may result from greater open-loop
damping in the actual beam than in the model, due to either
material damping in the beam or friction in the shaker. The
level of damping in the model is not based on the damping
mechanisms in the actuai structure except to the extent that it
is light.

Figure 11b shows the closed-loop transfer function using
rate feedback. As supported by the model’s transfer function
(Fig. 12b), rate feedback provides better narrow-band damp-
ing performance than the causal, fixed-form compensator. It
is difficult, however, to judge the broadband behavior using
this narrow frequency range.

Figure 11c shows the closed-loop transfer function using the
W-H approximation given in Eq. (35) at the optimal gain. In
the frequency range of 10-20 Hz, the damping performance
exceeds that shown in Figs. 11a-and 11b. Notice that the high
frequency decrease in damping is perceptible. Figure 12¢ dis-
plays the model’s transfer function.

Figure 11d shows the closed-loop transfer function using the
W-H approximation with a gain that is 1.55 times larger than
the optimal gain. As shown in Fig. 6, this causes the W-H
compensator to better replicate the noncausal compensator.
The mode near 6.4 Hz has been practically eliminated. Be-
tween 8 and 10 Hz, the closed-loop magnitude approaches a
line with a slope of —3/2. The model transfer function (Fig.
12d) at this gain predicts a slightly different behavior. This
could result from the small amount of additional lag in the
implemented compensator when compared with Eq. (35).

Of the compensators implemented, the W-H approximation
provided the most damping in a single mode. The causal,
fixed-form performance is broadband, whereas rate feedback
makes the transition from damping to clamping with increas-
ing gain, without ever achieving a gain and phase equal to that
of the noncausal compensator.

Performance Limitations

The lowest gain instability was caused by the lightly damped
feedback accelerometer with a resonance at 1180 Hz. This was
suppressed with a first-order, low pass filter. The second
encountered instability was due to the flexibility of the angle
iron frame to which the actuator’s permanent magnet was
attached. This flexibility caused the permanent magnet of the
torque actuator to undergo rotation. This allowed the feed-
back sensor to measure acceleration in the absence of arma-
ture rotation with respect to the permanent magnet. In other
words, the accelerometer and motor were no longer a dual
sensor/actuator pair. This instability was suppressed by plac-
ing a layer of viscoelastic foam between the frame and labora-
tory floor. This contributed insignificant damping to the beam
modes between 0.5 and 50 Hz. The third encountered instabil-
ity was caused by the feedback accelerometer measuring tor-
sional acceleration. This was suppressed by placing the accel-
erometer closer to the centerline of the beam.

Once these three instabilities were suppressed, the rate feed-
back, causal fixed-form, and W-H compensators were imple-
mented at their optimal gains. The W-H approximation with
1.55 times higher gain (Fig. 11d) was at the highest stable gain
achieved using the W-H approximation. An instability at 773
Hz near the frequency of the 80th bending mode, believed to
be caused by torsional modes, was not suppressed.

J. GUIDANCE

Conclusions

If the control objective is to extract energy from the struc-
ture, maximizing power absorption frequency by frequency
provides the best solution. As shown, however, there is no
guarantee that this compensator will be implementable,
raising the need for causal solutions. Two alternative tech-
niques were illustrated for finding causal compensators under
given hardware constraints. The Wiener-Hopf approach was
shown to provide better narrow-band damping performance
than rate feedback without perceptible degradation in broad-
band damping performance. This was achieved because the
Wiener-Hopf technique more closely mimics the magnitude
and phase of the noncausal compensator. The limitation to the
Wiener-Hopf procedure is that it does not guarantee that the
compensator has a positive real form. Therefore, a positive
real approximation to the Wiener-Hopf compensator was
derived, using engineering insight. Further work is needed to
constrain the Wiener-Hopf formulation to yield a positive real
compensator. This Wiener-Hopf approximation was imple-
mented experimentally and achieved predicted levels of damp-
ing. These levels of damping were shown to far exceed the
levels of damping that could be achieved through rate feed-
back. Limitations to performance included the discovery of
frequencies above which the sensor and actuator were no
longer dual and the inadvertent coupling of the control hard-
ware to unmodeled torsion modes in the structure.
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